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Abstract
De Bruijn and Erdo˝s proved that every noncollinear set of n points in the
plane determines at least n distinct lines. Chen and Chva´tal suggested
a possible generalization of this theorem in the framework of metric
spaces. We provide partial results in this direction.
1 Introduction
Two distinct theorems are referred to as “the de Bruijn - Erdo˝s theorem”.
One of them [8] concerns the chromatic number of infinite graphs; the other
[7] is our starting point:
Every noncollinear set of n points in the plane
determines at least n distinct lines.
This theorem involves neither measurement of distances nor measurement of
angles: the only notion employed here is incidence of points and lines. Such
theorems are a part of ordered geometry [6], which is built around the ternary
relation of betweenness : point y is said to lie between points x and z if y is
an interior point of the line segment with endpoints x and z. It is customary
to write [xyz] for the statement that y lies between x and z. In this notation,
a line uv is defined — for any two distinct points u and v — as
{p : [puv]} ∪ {u} ∪ {p : [upv]} ∪ {v} ∪ {p : [uvp]}. (1)
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In terms of the Euclidean metric d, we have
[abc] ⇔ a, b, c are three distinct points and d(a, b) + d(b, c) = d(a, c). (2)
For an arbitrary metric space, equivalence (2) defines the ternary relation of
metric betweenness introduced in [9] and further studied in [1, 2, 5]; in turn,
(1) defines the line uv for any two distinct points u and v in the metric space.
The resulting family of lines may have strange properties. For instance, a line
can be a proper subset of another: in the metric space with points u, v, x, y, z
and
d(u, v) = d(v, x) = d(x, y) = d(y, z) = d(z, u) = 1,
d(u, x) = d(v, y) = d(x, z) = d(y, u) = d(z, v) = 2,
we have
vy = {v, x, y} and xy = {v, x, y, z}.
Chen [4] proved that a classic theorem of ordered geometry, the Sylvester-
Gallai theorem, generalizes in the framework of metric spaces (when lines
in these spaces are defined differently than here). Chen and Chva´tal [3]
suggested that the de Bruijn - Erdo˝s theorem, too, might generalize in this
framework:
True or false? Every finite metric space (X, d)
where no line consists of the entire ground set X
determines at least |X| distinct lines.
They proved that
• in every metric space on n points, there are at least lg n distinct lines
or else some line consists of all n points.
We prove that
• in every metric space on n points, there are Ω((n/ρ)2/3) distinct lines,
where ρ is the ratio between the largest distance and the smallest
nonzero distance (Theorem 1);
• in every metric space induced by a connected graph on n vertices, there
are Ω(n2/7) distinct lines or else some line consists of all n vertices
(Corollary 1);
• in every metric space on n points where each nonzero distance equals
1 or 2, there are Ω(n4/3) distinct lines and this bound is tight (Theo-
rem 3).
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2 Lines in hypergraphs
A hypergraph is an ordered pair (X,H) such that X is a set and H is a
family of subsets of X ; elements of X are the vertices of the hypergraph and
members of H are its edges . A hypergraph is called k-uniform if each of its
edges consists of k vertices. The definition of lines in a metric space (X, d)
depends only on the 3-uniform hypergraph (X,H(d)) where
H(d) = {{a, b, c} : d(a, b) + d(b, c) = d(a, c) and a 6= b, b 6= c} :
the line uv equals {u, v} ∪ {w : {u, v, w} ∈ H(d)}. This observation suggests
extending the notion of lines in metric spaces to a notion of lines in 3-uniform
hypergraphs: for any two distinct vertices u and v in a 3-uniform hypergraph
(X,H), the line uv is defined as {u, v} ∪ {w : {u, v, w} ∈ H }. Now every
metric space (X, d) and its associated hypergraph (X,H(d)) define the same
family of lines.
Let f(n) denote the smallest number of lines in a 3-uniform hypergraph
on n vertices where no line consists of all n vertices and let g(n) denote the
smallest number of lines in a metric space on n points where no line consists
of all n points. In this notation, f(n) ≤ g(n) for all n; Chen and Chva´tal [3]
proved that
lgn ≤ f(n) < c
√
lgn
for some positive constant c. (The proof of the lower bound is based on
the observation that w 6∈ uv if and only if v 6∈ uw, and so — unless some
line contains all the vertices — the mapping that assigns to each vertex the
set of lines containing it is one-to-one.) The upper bound on f(n) does not
rule out the possibility of g(n) = n: not all 3-uniform hypergraphs arise
from metric spaces (X, d) as (X,H(d)). (It has been proved ([5, 4]) that
the hypergraph consisting of the seven vertices 0, 1, 2, 3, 4, 5, 6 and the seven
edges {i mod 7, (i + 1) mod 7, (i + 3) mod 7} with i = 0, 1, 2, 3, 4, 5, 6 does
not arise from any metric space. This 3-uniform hypergraph is known as the
Fano plane or the projective plane of order two.)
We let K34 denote the 3-uniform hypergraph with four vertices and four
edges.
Lemma 1. Let H be a 3-uniform hypergraph, let x be a vertex of H, and let
T be a set of vertices of H such that (i) x 6∈ T and (ii) there are no vertices
u, v, w in T such that x, u, v, w induce a K34 in H. Then H defines at least
0.25(2|T |)2/3 distinct lines.
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Proof. We may assume that |T | > 4: otherwise 0.25(2|T |)2/3 ≤ 1, which
makes the assertion trivial. Let S denote a largest subset of T such that all
the lines xv with v ∈ S are identical. Now H defines at least |T |/|S| distinct
lines, which gives the desired conclusion when |S| ≤ (2|T |)1/3. We will prove
that H defines at least |S|(|S| − 1)/2 distinct lines, which gives the desired
conclusion when |S| ≥ (2|T |)1/3 ≥ 2. More precisely, we will prove that all
the lines uv with u, v ∈ S are distinct. For this purpose, consider any three
pairwise distinct vertices u, v, w in S. Since xu = xv = xw, all three of
{x, u, v}, {x, u, w}, {x, v, w} are edges of H ; since x, u, v, w do not induce
a K34 , it follows that {u, v, w} is not an edge of H ; since w is an arbitrary
vertex in S distinct from u and v, the line uv intersects S in {u, v}. 
3 Lines in metric spaces
Theorem 1. In every metric space on n points such that n ≥ 2, there are
at least 0.25(n/ρ)2/3 distinct lines, where ρ is the ratio between the largest
distance and the smallest nonzero distance.
Proof. Let the metric space be (X, d), let δ denote the smallest nonzero
distance and let x be an arbitrary point of X . The n − 1 distances d(x, u)
with u 6= x are distributed into buckets [iδ, (i + 1)δ) with i = 1, 2, . . . , ⌊ρ⌋.
It follows that there are a subset T of X − {x} and a positive integer i such
that
u ∈ T ⇒ iδ ≤ d(x, u) < (i+ 1)δ
and
|T | ≥ n− 1⌊ρ⌋ ≥
n− 1
ρ
≥ n
2ρ
.
We will complete the proof by showing that the hypergraph (X,H(d)) satis-
fies the hypothesis of Lemma 1. For this purpose, consider arbitrary points
u, v, w in T such that {x, u, v}, {x, u, w}, {x, v, w} ∈ H(d); we will prove that
{u, v, w} 6∈ H(d). Since {x, u, v} ∈ H(d) and |d(x, u)−d(x, v)| < δ ≤ d(u, v),
we have d(u, v) = d(x, u) + d(x, v); similarly, d(u, w) = d(x, u) + d(x, w) and
d(v, w) = d(x, v) + d(x, w). Now
iδ ≤ d(x, u), d(x, v), d(x, w) < 2iδ,
and so
2iδ ≤ d(u, v), d(u, w), d(v, w)< 4iδ,
and so {u, v, w} 6∈ H(d). 
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4 Metric spaces induced by graphs
Every finite connected undirected graph induces a metric space, where the
distance between vertices u and v is defined as the smallest number of edges
in a path from u to v.
Theorem 2. If, in a metric space (X, d) induced by a graph of diameter t,
no line equals X, then there are at least
√
t/2 distinct lines.
Proof. There are vertices v0, v1, . . . , vt such that d(vi, vj) = j − i whenever
0 ≤ i < j ≤ t. Consider a largest set S of subscripts r such that all lines
vrvr+1 are equal. There are at least t/|S| distinct lines; this gives the desired
conclusion when |S| ≤ √2t. We will complete the argument by proving that
there are at least |S|/2 distinct lines, which gives the desired conclusion when
|S| ≥ √2t.
Let u be any vertex outside the line vrvr+1 with r ∈ S. We will prove
that at least |S|/2 of the lines uvr with r ∈ S are pairwise distinct: more
precisely, for every three subscripts i, j, k in S, at least two of the three lines
uvi, uvj, uvk are distinct.
By the triangle inequality and since u 6∈ vrvr+1, we have
| d(u, vr)− d(u, vr+1) | < d(vr, vr+1) for all r in S;
since d(vr, vr+1) = 1, it follows that d(u, vr) = d(u, vr+1) for all r in S. Now
consider any three subscripts i, j, k in S such that i < j < k. We have
d(vi,vj)+d(vj,u) > d(vi+1,vj)+d(vj,u) ≥ d(vi+1,u) = d(vi,u),
d(u,vi)+d(vi,vj) > d(u,vi)+d(vi+1,vj) = d(u,vi+1)+d(vi+1,vj) ≥ d(u,vj),
and so vj ∈ uvi if and only if d(vi,u)+d(u,vj) = d(vi,vj). Similarly, vk ∈ uvj
if and only if d(vj ,u)+d(u,vk) = d(vj ,vk). Since
d(u, vi) + d(u, vk) = d(u, vi) + d(u, vk+1) ≥ d(vi, vk+1) = k + 1− i,
we have d(u, vi) > j − i or else d(u, vk) > k − j. If d(u, vi) > j − i, then
d(vi,u)+d(u,vj) > d(vi,vj), and so vj 6∈ uvi (and vi 6∈ uvj), which implies
uvi 6= uvj . If d(u, vk+1) > k − j, then d(vj ,u)+d(u,vk) > d(vj,vk), and so
vk 6∈ uvj (and vj 6∈ uvk), which implies uvj 6= uvk. 
Corollary 1. If, in a metric space induced by a connected graph on n vertices,
no line consists of all n vertices, then there are at least 2−8/7n2/7 distinct lines.
Proof. If the graph has diameter at most 2−9/7n4/7, then the bound follows
from Theorem 1; else it follows from Theorem 2. 
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5 When each nonzero distance equals 1 or 2
By a 1-2 metric space, we mean a metric space where each nonzero distance
is 1 or 2.
Theorem 3. The smallest number h(n) of lines in a 1-2 metric space on n
points satisfies the inequalities
(1 + o(1))αn4/3 ≤ h(n) ≤ (1 + o(1))βn4/3
with α = 2−7/3 and β = 3 · 2−5/3.
We say that points u, v in a 1-2 metric space are twins if, and only if,
d(u, v) = 2 and d(u, w) = d(v, w) for all w distinct from both u and v. Our
proof of Theorem 3 relies on the following lemma, whose proof is routine.
Lemma 2. If u1, u2, u3, u4 are four distinct points in a 1-2 metric space,
then:
(i) if d(ui, uj) = 1 for all choices of distinct i and j, then u1u2 6= u3u4,
(ii) if d(u1, u2) = 1 and d(u3, u4) = 2, then u1u2 6= u3u4,
(iii) if d(u1, u2) = d(u3, u4) = 2 and u4 has a twin other than u3,
then u1u2 6= u3u4.
If u1, u2, u3 are three distinct points in a 1-2 metric space, then:
(iv) if d(u1, u2) = d(u2, u3) = 1 and u1, u3 are not twins, then u1u2 6= u2u3,
(v) if d(u1, u2) = 1, d(u2, u3) = 2, and u3 has a twin other than u2,
then u1u2 6= u2u3,
(vi) if d(u1, u2) = d(u2, u3) = 2, then u1u2 6= u2u3.

Proof of Theorem 3. To see that h(n) ≤ (1 + o(1))βn4/3, consider the
metric space where the ground set is split into pairwise disjoint groups of
sizes as nearly equal as possible, every two points that belong to two different
groups have distance 1, and every two points that belong to one group have
distance 2. If each group includes at least three points, then uv = wx if and
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only if either {u, v} = {w, x} or else there are two distinct groups such that
each of the sets {u, v}, {w, x} has one element in each of these two groups.
Consequently, when there are n points altogether and (1 + o(1))2−1/3n2/3
groups, there are (1 + o(1))βn4/3 lines.
To prove that h(n) ≥ (1 + o(1))αn4/3, consider an arbitrary 1-2 metric
space (X, d) and write n = |X|. Let X1 be any maximal subset of X that
does not contain a pair of twins.
Case 1: |X1| ≥ n/2. In this case, consider a largest set of distinct
two-point subsets {ui, vi} (i = 1, 2, . . . , s) of X1 such that
u1v1 = u2v2 = . . . = usvs.
Since every two-point subset of X1 determines a line, there are at least(|X1|
2
)
· 1
s
distinct lines; this gives the desired conclusion when s ≤ (n/2)2/3. We will
complete the argument by proving that there are at least
(
s
2
)
− 5
distinct lines, which gives the desired conclusion when s ≥ (n/2)2/3.
For this purpose, we may assume that s ≥ 5. Part (iv) of Lemma 2
guarantees that the sets {ui, vi} with d(ui, vi) = 1 are pairwise disjoint;
part (iv) of Lemma 2 guarantees that the sets {ui, vi} with d(ui, vi) = 2
are pairwise disjoint; part (ii) of Lemma 2 guarantees that each of the sets
{ui, vi} with d(ui, vi) = 1 meets each of the sets {ui, vi} with d(ui, vi) = 2;
now our assumption s ≥ 5 guarantees that all s distances d(ui, vi) are equal.
We are going to prove that there are at least s(s − 1)/2 distinct lines: for
every choice of subscripts i, j such that 1 ≤ i < j ≤ s, there is a line Lij such
that
{uk, vk} ⊆ Lij ⇔ k ∈ {i, j}.
Subcase 1.1: d(u1, v1) = d(u2, v2) = . . . = d(us, vs) = 1.
Since {uj, vj} ⊆ ujvj = uivi and {ui, vi} ⊆ uivi = ujvj , we may assume
(after switching uj with vj if necessary) that d(ui, uj) = 2 and d(ui, vj) =
d(uj, vi) = 1. Now we may set Lij = uiuj: if k 6∈ {i, j}, then uj ∈ ujvj = ukvk
implies that one of d(uj, uk) and d(uj, vk) equals 2, and so {uk, vk} 6⊆ uiuj.
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Subcase 1.2: d(u1, v1) = d(u2, v2) = . . . = d(us, vs) = 2.
Since u1v1 = u2v2 = . . . = usvs, the distance between any point in one of
the sets {u1, v1}, {u2, v2}, . . . , {us, vs} and any point in another of these s
sets equals 1; it follows that we may set Lij = uiuj.
Case 2: |X1| < n/2. Write X2 = X − X1, consider a largest set S of
points in X2 such that
u, v ∈ S, u 6= v ⇒ d(u, v) = 1,
and write
E1 = { {u, v} : u, v ∈ S, u 6= v},
E2 = { {u, v} : u, v ∈ X2, d(u, v) = 2}.
Since every vertex of X2 has a twin (else it could be added to X1), Lemma 2
guarantees that every two distinct pairs in E1 ∪ E2 determine two distinct
lines. We complete the argument by pointing out that
|E1 ∪ E2| ≥ (1 + o(1))αn4/3 :
the famous theorem of Tura´n [10] guarantees that
|S| ≥ |X2|
2
2|E2|+ |X2| ,
and so |E2| < αn4/3 implies |E1| ≥ (1 + o(1))αn4/3. 
The lower bound of Theorem 3 can be easily improved through a more
careful analysis of Case 2: a routine exercise in calculus shows that
x ≥ 3, y ≥ 0 ⇒ 1
2
·
(
x2
2y + x
)2
+ y ≥ βx4/3 − x
2
,
and so |E1 ∪ E2| ≥ (1 + o(1))β|X2|4/3. Perhaps h(n) = (1 + o(1))βn4/3.
Acknowledgment
This research was carried out in ConCoCO (Concordia Computational Com-
binatorial Optimization Laboratory) and undertaken, in part, thanks to fund-
ing from the Canada Research Chairs Program and from the Natural Sciences
and Engineering Research Council of Canada.
8
References
[1] L.M. Blumenthal, Theory and Applications of Distance Geometry, Ox-
ford University Press, Oxford, 1953.
[2] H. Busemann, The Geometry of Geodesics, Academic Press, New York,
1955.
[3] X. Chen and V. Chva´tal, “Problems related to a de Bruijn - Erdo˝s
theorem”, Discrete Applied Mathematics 156 (2008), 2101 – 2108.
[4] X. Chen, The Sylvester-Chva´tal theorem, Discrete & Computational
Geometry 35 (2006) 193–199.
[5] V. Chva´tal, Sylvester-Gallai theorem and metric betweenness, Discrete
& Computational Geometry 31 (2004) 175–195.
[6] H.S.M. Coxeter, Introduction to Geometry, Wiley, New York, 1961.
[7] N.G. de Bruijn and P. Erdo˝s, On a combinatorial problem, Indagationes
Mathematicae 10 (1948) 421–423.
[8] N.G. de Bruijn and P. Erdo˝s, A colour problem for infinite graphs and a
problem in the theory of relations, Indagationes Mathematicae 13 (1951)
369–373.
[9] K. Menger, Untersuchungen u¨ber allgemeine metrik, Mathematische An-
nalen 100 (1928) 75–163.
[10] P. Tura´n, Egy gra´felme´leti sze´lso˝e´rte´kfeladatro´l, Mat. Fiz. Lapok 48
(1941), 436–452; see also: On the theory of graphs, Colloq. Math. 3
(1954), 19–30.
9
